SOME EULER-TYPE FORMULAS FOR PLANAR GRAPHS 



ARMEN BAGDASARYAN 

(n: 

Abstract. The aim of this paper is to derive on the basis of the Euler's 
■ formula several analytical relations which hold for certain classes of planar 

^ ■ graphs. 

1. Introduction and Definitions 

It is known that for every connected simple planar graph there holds the Euler's 
characteristic x — ^ topological invariant, originally defined for polyhedra by the 
formula 

(1.1) x^V -E + F = 2, 

O ■ where V is the number of vertices, E is the number of edges, and F is the number 

of faces in the given graph, including the exterior face. This formula corresponds to 
the special case g = Q (simple connectedness) of the more general Poincare formula 
^ ■ for genus g surfaces, in which x = x(f;) = 2 — 2g. 

'/^ . In this note we derive several analytical relations, similar to Euler's formula, 

which hold for some classes of planar graphs that we introduce below. A topological 
graph is a graph drawn in the plane such that its vertices are represented by points 
and its edges are represented by arcs connecting the corresponding points such 
that no two arcs intersect except at a common endpoint. The classes of graphs 
considered here are defined as follows. 
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Definition 1.1. Let Gi{V^E) be a topological graph. We say that the graph Gi 
belongs to the class Fi of planar graphs if the following conditions hold 

■ • any two vertices in the graph Gi are connected by at least two simple paths 

5h \ (chains) without a common vertex, i.e. the graph is 2-connected; 

• all the interior faces have the same 77-gonality; 

• any vertex of the graph v V has the degree dciiv) — 2,3,...,r; for 
simplicity, below we use the symbol d to denote the vertex' degree. 

The other two classes of graphs are derivative classes of Fi. 

Definition 1.2. A graph G2 belongs to the class F2 of planar graphs if G2 G Fi 
and all the interior faces of G2 are 4-gons and at least one interior vertex v & G2 
has the degree d{v) 7^ 4. 

Definition 1.3. A graph G3 belongs to the class F3 of planar graphs if G3 G Fi 
and G3 contains at least one interior face with rj = 3. 
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2. Main Results 



Let be the set of all exterior vertices of the graph, that is, those vertices 
which are incident to the exterior face, and let y*"* be the set of all the rest vertices 
— interior ones, and 

v' ev^'^\ v" eV''^ y™* u F*"^' = y, y™* n 1/''^* = 0, 

r r 
d=2 d=2 

v'd e vr* c V"'* c V, v'^ e vr* c v^'-"* c v. 

Then we have 



(2.1) 



d=2 



where | • | denotes the cardinality of a set. 

Constructing the simple graph of incidence "vertices-edges" , one finds that the 
vertex Vd forms d/2 edges. Hence, we get 



(2.2) 



d=2 



Constructing the simple graph of incidence "vertices-faces", we get that the 
vertex v'^ forms d/r] interior faces of the graph, since the vertex is incident to d 
faces and each interior face is incident to rj vertices. Analogously, the number of 
interior faces formed by the vertex v'^ equals to {d — \)/rj. 

From the above it follows that 



(2.3) 



1 



1^1 - 1 = - 



V.d=2 d=2 

Now substituting (EH . ([^^ and ([^3)1 into (ITTT]) . we obtain the formula 



(2.4) 



Eiv^n+Ei^"* 

d=2 
1 



i=2 



lj2d{\vr'\-\vr\) 



d=2 



V 



J2d\vr'\ + j2{d-i)\vr\ 



.d=2 



d=2 



1. 



For planar graphs with vertices Vd, {d = 2,3,4), and ?/-gon faces, we get from 
the formula (12.41) 



(2.5) 



where 



vr'\ + \vr'\ 



1, 



IK 



int I 



1, 



- (41^4"'*! + 3|K"*| + 2\Vi''^\ + ■i\Vl''-^\ + 2|V^3^^*| + \V^''-^\) = 1, 
rj 



\v\ = \vr'\ + \vr'\ 



\E\ = 2 {\vr'\ + \v^''\) + - (1^3"'*! + |Kf^*i) + (1^2"*! + \vr'\) , 
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and 



or 



rj 

|F| - 1 = \vr'\ + \vr'\ + \\vr'\ + \\vr'\- 



From the formula (|2.5p we find 

K"'*l(8 - 2?7) + \Vr\{& - 2v) + \Vr'\{Q - V) + \Vr'{^ - V) + 

A\Vi'^^\+2\V^'''\ = 2r]. 



Putting 77 = 4 in the formula (|2.6p . we get the relation for the class T2 of planar 
graphs (Fig. [T]) 

(2.7) 1^3"*! +21^2™* I = 4 + |V^4'=^*| + iVi''^ - IV^^""'}. 




Figure 1 . An example of graph from the class r2 

Now assume that some given planar graph contains exactly jF,, | 77-gon interior 
faces, |fr;-i| {v — l)-gon interior faces, etc., and IF3I triangular interior faces. For 
such planar graphs we obtain from the formula p.4p the following system of equa- 
tions 

E d + E - 1) \vr'\ = E 

d=2 d=2 ri=3 

2.8 

-1 - E +E + 2 E '^d^^'"*! + = E 

\d=2 d=2 ) d=2 ))=3 



From the formula (12. 8p for the class Fa of planar graphs (Fig. [5]) we get the 
following relation 

A\Vl'^'\+i\Vr'\ + 2\V^'''\+2,\Vt'\ + 2\Vi'''\ + \V^'-''\ = 3IF3I +4|F4|, 

(2.9) 1 1 

' """" ' ' '^4 



1 + 1^4'"*! + \yr'\ + 7;\yr*'\ + 7^\yr'\ = i^si + Wi 



2' ^ ' 2 
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Figure 2. An example of graph from the class T3 

Solving the system of equations (|2.9|) with respect to jFaj, we obtain 
(2.10) 4 + - |1^3"*| - 2 - \V2'''\ = \F3\- 

In the same way, using similar reasonings, one can derive analytical relations for 
other classes of planar graphs. 

The formulas obtained in this note can find various applications, such as deriving 
quantitative and qualitative estimates for algorithms of mappings of different classes 
of planar graphs. For instance, the relation ()2.7|) allows one to recognize if the graph 
Gi belongs to the class r2 in IVgJ steps, that is, by considering the |VgJ rows of 
adjacency matrix of the graph Gi vertices. In a subsequent paper we plan to deal 
with applications of the above formulas. 
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